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Abstract
For n∈N let pk(n) be the number of induced k-cycles in the Cayley graph Cay (Zn; Un), where Zn is the ring of
integers mod n and Un = Z∗n is the group of units mod n. Our main result is: Given r ∈N there is a number m(r),
depending only on r, with r ln r6m(r)6 9r! such that pk(n) = 0 if k¿m(r) and n has at most r prime divisors. As a
corollary we deduce the existence of non-trivial arithmetic functions f with the properties: f is a Z-linear combination
of multiplicative arithmetic functions. f(n) = 0 for every n with at most r di'erent prime divisors. We also prove the
chromatic uniqueness of Cay (Zn; Un) for n a prime power.
c© 2004 Published by Elsevier B.V.
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1. Introduction
For each positive integer n let Z∗n be the ring of integers modulo n and Un = Z
∗
n the multiplicative group of units
modulo n. The unitary Cayley graph Xn = Cay(Zn; Un) is de=ned as the graph whose vertices are the elements of the set
Zn and edges the pairs {g1; g2} such that g1 − g2 ∈Un.
We let pk(n) denote the number of induced k-cycles of Xn. In [2] we proved that when viewed as a function of n,
2kpk is a linear combination of multiplicative arithmetic functions and gave explicit formulas for p3(n) and p4(n) in
terms of the primes dividing n.
The well established connection (e.g. [1,3–8]) between the chromatic polynomial of a graph and the number of its
k-cycles is what motivated our interest in the functions pk . The main result of this paper establishes a connection between
the existence of k-cycles of Xn and the number of prime divisors of n.
Theorem 1. Given r ∈N there is N (r)∈N , depending only on r, such that pk(n) = 0 for all k¿N (r) and for all n
with at most r di'erent prime divisors.
This is proved in Section 3.
If m(r) is the minimum of the numbers N (r) given by Theorem 1, then our proof of the theorem consists of proving
m(r)6 9r!. Theorem 1 is not vacuous. We =nd that there are arbitrarily large values of k for which pk is not trivial. In
fact, in Proposition 2 of Section 4 we determine that m(r)¿ (r−1) ln(r−1). As a consequence of Theorem 1, Proposition
2 and [2, Theorem 1], which states that the function 2kpk is a linear combination of multiplicative arithmetic functions,
we obtain the following result:
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Corollary 1. For every r there are non-trivial arithmetic functions f satisfying the following two properties:
(i) f is a Z-linear combination of multiplicative arithmetic functions.
(ii) f(n) = 0 for every n with at most r di'erent prime divisors.
Theorem 1 suggests that the chromatic properties of Xn may depend on the number of prime divisors of n. For instance,
Section 5 when n is a power of a prime then Xn is chromatically unique. In Section 6 we search for generalizations of
Theorem 1 and we propose some open questions.
Two simple graphs G and G′ are said to be chromatically equivalent (or simply X -equivalent), symbolically G ∼ G′,
if the chromatic polynomial P(G; ) = P(G′; ). It is clear that the relation ‘∼’ is an equivalence relation on the family
of graphs. We denote by 〈G〉 the equivalence class determined by G under ‘∼’. A graph G is said to be chromatically
unique if 〈G〉= {G}, i.e., G ∼= G′ whenever G ∼ G′.
2. Preliminaries and notation
The proof of Theorem 1 consists of showing that m(r)6 9r!.
First we introduce some de=nitions and notations.
Let n be a positive integer and let P be the set of prime divisors of n. For each pair x, y of elements of Zn we say
that {x; y} is p-colored if, and only if, p divides x − y. If {x; y} is not p-colored we will say that it is p-free. For a
non-empty subset S of P we will say that {x; y} is S-colored (resp. S-free) if it is p-colored (resp. p-free) for every
p∈ S. Let V denotes the set of vertices of Xn and E its set of edges.
With this notation we have the following proposition.
Proposition 1. Let S; S′ be non-empty subsets of P.
(i) If {x; y} is S-colored and S′-colored then {x; y} is (S ∪ S′)-colored.
(ii) If {x; y} is S-colored and {x; z} is S-colored then {y; z} is S-colored.
(iii) {x; y}∈E if and only if {x; y} is P-free.
(iv) {x; y}∈E and {x; z} is S-colored then {y; z} is S-free.
Proof. (i) and (ii) are simply restatements of the properties of the congruence relation for integers. (iii) and (iv) follow
easily from (i) and (ii) and from the de=nition of E.
Suppose now that a cycle of length k=3m+ (=0; 1 or 2) is given in Xn. Let the vertices of this cycle be v1; v2; : : : ; v3m+
so that {vj; vk}∈E if, and only if, |j− k| ≡ 1 (mod 3m+ ). For i=0; 1; 2 we let Vi = {vj | j= i (mod 3); 16 j6 3m} and
let Gi be the complete graph on Vi. We note that G2 has the following two properties:
(1) G2 ⊆ X c, the complement graph of Xn.
(2) For each vertex vi in V2 there is exactly one vertex wj in Vj (j = 2) such that {vi; wj}∈E. The map that sends each
vertex vi ∈V2 into this unique wj of Vj is one to one.
Properties (1) and (2) will be referred as the properties of G2. Let r = |P| be the cardinality of the set P.
3. Proof of Theorem 1
The proof follows from the lemma:
Lemma 1. Let n, Xn, V , E, r, P, k, m and Vi as above
(i) Suppose that m− 1¿r. There is a p∈P and a subset W ⊆ V1 such that |W |¿max{2; (m− 1)=r} and such that
every edge of the complete graph on W is p-colored.
(ii) Let W ⊆ V1, with |W | = t and S ⊆ P, S = P, |S| = s¿ 1. Suppose that t − 1¿r − s and that every edge of the
complete graph on W is S-colored, then there is a prime p; p ∈ S, and a set W ′ ⊆ W such that |W ′|¿max{2; (t−
1)=(r − s)} and such that every edge of the complete graph on W ′ is (S ∪ {p})-colored.
(iii) Let v; w∈V1, v = w and suppose that {v; w} is S-colored. Then S = P.
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Proof.
(i) Let v∈V1. By property (1) of G2, for each of the remaining m − 1 vertices w of V2 there is at least one prime p
(which depends on w) such that {v; w} is p-colored. Since there are exactly r diJerent primes then the result follows
by the pigeon-hole principle. The condition m − 1¿r just ensures that W has at least two elements and therefore
the complete graph on W has at least an edge.
(ii) Let v∈W . Let j = 1 and let w be the unique vertex of Vj such that {v; w}∈E.
(iii) Let v′ ∈W , v′ = v. Then by property (2) of G2 there must be a prime p (which varies with v′) such that {w; v′} is
p-colored. On the other hand by part (iv) of Proposition 1, {w; v′} is S-free. It follows that {w; v′} is p-colored for
some prime p ∈ S.
There are |r− s| such primes. Again by the pigeon-hole principle there is a set W ′ ⊆ W , and a prime p ∈ S such that
W ′¿max{2; (t − 1)=(r − s)} and such that {w; v′} is p-colored for all v′ in W ′. Let v′; v′′ be two diJerent elements of
W ′, then by property (ii) of Proposition 1 we get {v′; v′′} is p-colored. But also since W ′ ⊆ W it follows that {v′; v′′}
is S-colored. So by part (i) of Proposition 1 we get {v′; v′′} is (S ∪ {p})-colored, which proves (ii).
To prove (iii) suppose that v; v′ ∈Vi and {v; v′} is P-colored. Let j = i, and w be the unique element of Vj such that
{v; w}∈E. Then again by property (2) of G2 {w; v′} is p-colored for some prime p. But since {v; v′} is p-colored, then
by part (ii) of Proposition 1, implies {w; v} is p-colored which contradicts {w; v}∈E.
Proof of Theorem 1. We show that Xn contains no cycle of length k¿ 9r!. Assume there is such a cycle. Again let
V , E, r, P, k, m and Vi as above. So |V1|¿ 3r! It follows from part (i) of Lemma 1, that there is W1 ⊆ V1, with
|W1|¿ 3(r − 1)!− (1=r) and a prime p1 ∈P such that every edge of the complete graphs on W1 is P1-colored. If r = 1
then P = {p1}, and |W1|¿ 2. This implies the existence of an edge that is P-colored which contradicts part (iii) of the
lemma and proves the theorem for that case.
Now suppose r ¿ 1. Since |W1| is an integer it follows that |W1|¿ 3(r − 1)!. Now we apply successively part (ii) of
Proposition 1. We obtain a sequence of sets W2; W3; : : : ; Wr and a sequence of diJerent primes p1; p2; : : : ; pr such that
every edge on vertices of Ws is {p1; p2; : : : ; ps}-colored and WS¿ 3(r−s)!−(1=r−s+1). For s=r−1 we get |Wr−1|¿ 3
and for s= r we get |Wr |¿ 3− 1=2, therefore {p1; p2; : : : ; pr}=P. Hence every edge with vertices on Wr is P-colored,
which again contradicts part (iii) of the Lemma 1.
4. A lower bound for m(r)
Theorem 1 is not vacuous, since we show the existence of arbitrary long cycles.
Proposition 2. m(r)¿ (r − 1) ln(r − 1).
Proof. To prove the inequality we just =nd a pair of integers k and n, k¿ (r− 1) ln(r− 1), n having exactly r diJerent
prime divisors and such that pk(n) = 0.
Let n be the product of the =rst r primes. Let q be the (r − 1)th prime. It is known in number theory that q¿ (r −
1) ln(r − 1), (see corollary of Theorem 3 in [10]). We claim that the subgraph of Xn induced by the set of vertices
{0; 1; 2; : : : ; q} is a q-cycle. Note that the diJerence of any non-consecutive elements of this set is less than q and greater
than one and therefore can be written as a product of primes less than q. Hence they are not coprime with n. So k = q
works.
The big gap between the lower and upper bound for m(r) suggests that better estimates can be found. This may be
relevant to the possible applications of these results to the chromatic properties of these graphs.
5. Xn is chromatically unique when n is a prime power
Because of the well established connection between the cycles of a graph and its chromatic polynomial, Theorem 1
suggests that the chromatic properties of Xn may depend on the number of prime divisors of n. The following proposition
points in that direction.
Proposition 3. If n is a power of a prime then Xn is chromatically unique.
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Proof. Suppose that n=pt , where p is prime and t¿ 1. Then note that Xn is complete p-partite. The p-partition is given
by
Pi = {x | x ≡ i (mod p)}; i = 0; 1; : : : ; p− 1}:
Each Pi has cardinality pt−1 and {x; y}∈E if, and only if, x and y belong to diJerent Pi’s. The chromatic uniqueness
of such graph is a particular case of results of [9].
However, it is interesting to point out that Xn is the p-partite graph on n vertices which has the maximal number of
edges. This observation leads to a quick proof of the chromatic uniqueness of Xn. The details for this approach may be
found in [5].
6. The scope of Theorem 1. Some open questions
In this section, we are concerned with possible generalizations of Theorem 1. We wonder if the theorem could be a
particular case of a more general result. After the following proposition we will be more precise. Let ’ denote the Euler
phi function.
Proposition 4. There is a constant C(r), depending only on r such that n=’(n)6C(r) for all n with at most r di'erent
primes divisors.
Proof. Recall that ’(n) = n
∏
p=n (1 − 1=p), where the product is taken over all prime divisors p of n. Since n has at
most r prime divisors, ’(n)¿ n
∏r
i=1 (1 − 1=pi), where the product is taken over the =rst r primes. The result follows
by taking the constant C(r) as the inverse of this product (it is well known that C(r) is O(ln r)).
Recall that every Cayley graph, Cay (G; S) is regular of degree s = |S|. In particular Xn has degree ’(n). Proposition
4 leads to the following question. Is the maximal length of induced k-cycles of a regular graph on n vertices and degree
d, bounded by some function depending only on n=d? If so, can one estimate the value of this function?
With this amount of generality the answer to the question is no. Given ¿ 0, among the regular graphs satisfying n=d
is bounded, one can =nd families of regular graphs with k-cycles of length larger than (1− )d as long as n is suNciently
large.
Another interesting question is the one of =nding better estimates for m(r). The problem of determining the values of
n for which Xn is chromatically unique is also unsolved.
Finally, as we mentioned in the introduction (Corollary 1), combining our results on m(r) together with the results
obtained in [2] we have proved that for every r there are non-trivial arithmetic functions f satisfying the following two
properties:
(i) f is a Z-linear combination of multiplicative arithmetic function.
(ii) f(n) = 0 for every n with at most than r di'erent prime divisors.
Is it possible to describe the set of functions satisfying (i) and (ii)?
For r = 1, 10P5 is an example; f = 10P5 is such a function for r = 1. Are there any simpler examples?
As pointed out by the referee, “Unitary Cayley graphs Xn are obtained as products of multipartite graphs Xpr , where
the pr are the highest prime powers dividing n. The product alluded to here is described in CvetkoviQc, Doob, Sachs. 1
So it seems likely that some results can be extended to a wider class of graphs.”
In fact the products of multipartite graphs Xpr (conjunction) will be part of a future research.
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